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A One-~Dimensional Fourier Analogue Computer
Leonid V. Azaroff and M,J. Buerger
Crystallographic Laboratory, Massachusetts Institute of Technology

Abstract

A computer has been constructed to sum Fouri?r
series having up to 30 ﬁerms. Although this is a one~-
dimensional computer it can be used for double and triple
summations ?y using standard trigonometric expansions,
Secondarily, it can be used fof computing trial structure
factors,

0,D . F.A,C. sums E:gn gég 2rnx electrically. The
n-

trigonometric function is produced by a variable-angle
transformer known as a resolver, Each amplitude is set
by a varlac which regulates the input to a particular re-
solver. The frequencies 2mXx for 31 values of n are
a?ragge§ by gearing the rotors of the resolvers in ratios
0,1, 2, « ¢+ ¢« 30, The resultant individual currents are
ad@ed ig parallel and the value at point x (in intervals of
4, A, or . 1_of a cell edge) is read on a voltmeter and
60 120 240
the phase is recad on an oscilloscope,

The relative speed of a computation is five to ten

times faster than the standard strip methods. The average
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error in a computation compares favorably with the rounding-

off error in conventional two-place strips,

Introduction

Earlier computers. Fourier series are important
in many branches of science. One-dimensional, two-dimen=-
sional; and thres-~-dimeunsional Fourler series are especlally
important in x-ray crystallography. Since the computation
of these functions is tedious; a number of devices have
been developed to perform the computation; only a few of
which have come into common use. Among these are the
electrical digital devices of Beevers™? 2,'the electrical
analogue machines of Hégg and Laurent3, Ramsay, et alh

the mechanical analogue devices of MclLachlan and Champaygne

6, 8. All these devices

Rose ", Vand7 and Beevers and Robertson
sum one-dimensional series., Robertson9 Pepinskylo 11
and McLachlan et all? have devised electrical analogue
machines for two-dimensional Fourier summations;
Basis for design. When the number of Fourier
syntheses to be computed in the Crystallographic Laboratory
of M,I.T. became large enough to warrant using a special
computing devioe; several of these machines were closely
investigated, Some were found to have obvious derectu;
such as ocontaot trouble when multiple telephone switches

were used, Most of them were found to handle too limited
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a number of Fourier terms, Guided by this suvrvey, a
decisibn wes reachal to mild a cne-dimensional eleotri-
cal analogne somputer vhich would sum a comparatively
large number of Fourler terms. This was specifically set
at 30; since this is about as high as ever required in
the analysis of ordinary non-protein crystal structures.
McLachlan®s compu.ter12 served as a gulde and as a point of
departure. flis machire -ompounds phesss electrically by
using selsyns. It perforns a two-dimensional synthaesis
but is limited to 8 x 8 terms,

The transformation of an angle; gr; irto a
trigonometric function can be perTorme@ electrically in
many different ways. The two devicce égﬁsidered in the
early stages of designing ODFAC were sine potentiometers
and resolvers, A cine potentiometer consists of a con-
tinuous resisztor winding tapped to prodnce a voltage which
varies as the sine c¢f the angle of rotaition of the main
shaft. A rosolver is a transformer using &s its primary
the rotor memher and ag its seconcary *wo ssparate stator
windings piaced 90 degrees apart., When e voltage is
| applied to the primary wirding the vol-agss of the two
secondary windings vary respectively as the sine and co-
sine of thy angle of rotation. Resolvers were chosen for
the construoction of ODFAC becausc the isolating property
of a transformer makes the adding oircuit independent of

variations in the input stages.
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Principle of operation. Fig. 1 shows, in outlir}e
r?rm; the operetion of CUTAC. The input to each resolver,
R, 1s fed from a variao; Y. The variac thus controls the
amplitude or Fouriler coefficient; 5._; of the Fourier compon-
ent of a particular resolver, The two outlet leads of the
resolver then deliver volteges proportional to A cos 4 and
A sin¢, The shafts of 30 such resolvers are geared'so'
that the shaft displacement of a particular resolver, 1,
is an integral multiple; g_; of the shaft displacement of a
fundamental shaft. The outputs of the individual resolvers

are therefore a set of voltages proportional to

Aq
A, cos ¢y Ay sin ¢,

ABOOOS 730 A3osin P30

If the outputs are appropriately coupled; the machine pro-
duces voltages proportional to

?: Anoos¢ and % A, sin ¢p

n=0 n n=0

which can be read on a voltmeter; W, In crystallographic
problems ¢, = 2¢nx where n is the number of the harmonio
and X is t;x.e samplix)g interval expressed as a fraoction of

one complete period,
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Mechanicai features. The produetion of thirty
harmonics in the Fourier series requires that one complete
rotation of the rotor in the first resolver corresponds
to two complete rotations of the rotor in the second re-
solver; etc., up to thirty comnlete rctations of the rotor
in the thirtleth resolver, This is accomplished in ODFAC
by means of a gear train represented by Fig. 2,

The mairn shaft leading from the motor is geared

by worms and worm gears to three horizontal shafts whose

relative angles of rotation are given by the ratios of the
worms and geers. Each horizontal shaft carries a series
of spur gears which ergage with the spur gears moﬁnted on
the rotors of the individual resolvers. The angle of ro-
tation of each rotor shaft ia; therefore; a function of
the ratio of its spur gears modified by the angular rota-
tion of the horizontal shafts., The actual gear train is
shown in Fig, 3. This particular gear train has several
advantages. One is that most gears used are commercially
available, stock sizes. Only 10 of the 82 gears are non-
standard size and had to be obtained by special order,
Another advantage i3 that high gear ratios are avoided;
the largest step~-down ratio being 5:4. This decreases
inaccuracies in the positioning of the resolver shafts.
Because of low frioctional losses; all 30 resolvers can be

driven at the desired speed by a small, Ié%ﬁ h.p. motor,
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g;ggggégg}“g}ggg;t. The wiring diagram of the
electrical components of ODYAC is shown 1n Fig, L. The
input voltage is fed from the 7ariacs,'z, through a DPDT'
ﬁhase—selector switch; 8, to the rotors of the resolvers,
g; which are linked by the gear train illustrated in Fig,
3. Each output line of the stator winding of the resolvers
contains a serles resistance;‘n, of 500,000 ohms whose
purposs 1g to nalre any shray losses iin the secondary cir-
cuit negligible, AlL the cosine (end sine) windings of
even harmonics are connected in paraliel, Similarly
the ocosine (and sins) windings of the odd harmonics are
connected in parallel, These lines lead to a gang switch
which permits various combinations of the lines to be made,
The uso of a parallel; rather than a series adding
circuit is preferred for the following reasons: In a series
circuit all the statcr windings would be directly connected
causing a cumulation of errors due to mutual inductance
between the individual primary and seccndery windings and
the secondary windingzs of edjacent reszolvers, The addition
of voltages in a soxias c¢ircuit would also have the dis-
advantage of building un very high voltages and currents
with possible demago to the windings, All of these dis-
advantasgen are cvarcome hy a parallsl circuit in which
the 1solation of the individusl resolvers 1imits the current
in cach seccndary winding to that induced by the primary,.
This isolation permits the insertion of a large resistance

to minimize losses in the line, The maximum output voltage

2
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obtained from such & circult can never eoxceed the input
line voltage because the irdividual voltages are averaged
over all 31 branches,

The output voltage lines pass through a L-gang
switch which selects combinetions of odd and even harmonics
of the sine or cosins lines for trensmissica to the volt-
meter and osclllioscope. Thre soparaticn of ths odd and even
harmonics irto separate l.ines permite {12 utilization of the
symmetry inherent in sine and cosiue funetions. This is
standard practice in orystallographlc applicationslB, The
meter has a 59/«5 movement and three ranges which corre-~
spond to the voltages expoected from the number of variacs
supplying 1§put voltages. A fourth range; actuated by a
push=-button, permits a clear reading of low voltages,

The cathode~ray tube is part of a standard
oscilloscope circuit not having a sweep generator., The
output voltage is nlaced across twn cefiecting plates and
& referonce voltage scross the other two. Since both sets
of plates have the same frequency 2ppliad to them; the
resulting ILissajous figure on the tubas face is a straight
line whose anqular inclinetion deperds on the magnitude and
relative phare of the output woltsgo. '

Sometrustional dstails. ¥bo reer view of the
assembled machine is shown in Fiz. 5. The resolvers are
hela in‘plaoa by aluminum clamps (see also Fig, 3) whioh;
in turn, are fastened to two aluminum angles forming a
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track~-like shelf, ZFach shelf hclds five resolvers and
supports its horizontel drive shaft nmounted in ball- -
bearing supports., Thre clamps have huilt-in means for
adjusting the angular position of the resclvers. The
horizontal drive shafts are driven by the main drive
shaft which runs vertically; in the center of Fig, 5;
from the motor (hidden by the bottom shelf) to the con-
trol mechaniam.

The ¢control meohanism is connented directly to
the drive shaft by a set 6f ochangc gears. It consists of
a shaft which carries a change gear and a cam; The cam
actuates a micro-switch which controls the number of _
revolutions made by the motor for the sampling interval,
The motor is a dynamic-brakxing motor which can be stopped
instantaneously by'applying a reverse field to its rotor,
A hor%zontal shaft, permanently geared to the main drive .
shaft, rotates a dial on the front panel indicating the
angular position of the main shaft. The change gears in
the o?ntro% mechanism permit the seleotion of intervals
of %%"E%B' or 5%5 of one complete period,

The motor-ganerstor set at the bottom of Fig. 5
prov;des the innput voltape (120 v¢; 400 ~) to the variacs

only., The driving mechaenism and service components operate

on the regular iine voltage. The purpose of the motor=
gonerator set 1s to provide a oonstant ocurrent source
with an undistorted wave shape; making the adding cirouits
in ODFAC indopendenthor line fluotuations,

o atk
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Performanne

Operation. A front view of CUFAGC in operation
is shovm in Tig. 6. The variaocs ere numhered and arranged
on removable panels in sels cf five, The amplitudes are
set by means of a friction-drive dial permi%tting an
ncourate; rapid setting from 0-100. The phaces are set
by means of a plus-minus tozgle aswitslh placed directly
above each dial, Each banit of five resolvers can be
switoched in or out of the input oircuil by means of an
edditional toggle switch on the left of each penel, The
numbering and location of the dials is such ?hat the
operator sits facing the first sixteen dials, the next
fifteen dials being within arm's-length to his right.

The dials need be set only once for each one-dimensional
summation,

A panel to the left of the operator contains
the meter on which the value of the Fourier series is read;
the CRO tupe on which the positive and negative quadrants
are marked, the sine~cosine selector switch; and a push-
button thet advances the computer mechanisin to the next
sample setting. A pilot 1ight indicetes that the motor
has edvanced tre computar to the nsuxt sample setting and
the meter may he recd. Ornce the amplitudes (varisc dials)
and the phLases (pluc~minus switchs:s) have been aet; and
the type series (sine or cosine) hag bteen aelectod;.all

the operator doces is read the meter, note the phase, and
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push the button to advance to the next reading., A drop-
leaf table is attached to the front of OLFAC to provide a
econvenient surfece for recording rcadings.

The speed of a ccmputation on ODFAC depends
primarily on the type of series deoired; i.e.; one-
dimnsional; two-dimensional; eto.; and only seoondarily
on the number of terms or frequency of interval of sampling
desired., The machine time for a complete cycle from 0 to
27 has been selected to take 7 minutes, If the time for
setting the variacs and recording the values obtained 1is
added to thil; the total computing time amounts to approx-
imately 10-15 minutea; depending on the sampling interval
selected, The relative time of computing an average two-
dimensional series on ODFAC ranges rrcm,§ to ':I!B of the time
consumed using standard strip methoda”“”. The more terms
there are in the series and the finer the interval of
sampling dosired; the more efficient ODFAC becomes when
compared with strip methods, |

éggggg_g. The acocuracy of the components used
in ODFAC is the highest attainable at a reasonable oost,
The resolvers are aocurate to within lé mechaniocal degrees.
The variacs and resistors are acourate to within 1% of
maximum ratings., The meter is accurate to better than
1% of full scale defleotion. The bdacklash in the gears
is almost non-existent and the angular accuracy of the
gear settings is within a fraction of one degree.

Tadle 1 shows an actual comparison of the meter
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readings of ODFAC with those computod using three-place
trigonometric tables. The &amplitndes for this one-
dimensional series were supplied by Professor M.J. Buerger
from a Harker line synthesis for realgar. In the same
table are listed oorresponding values as computed with
the aid of Patterson-Tunell atripslh and Beevers-Lipson
strips}’, If the deviations from the true values are
examined it is evident that the errors in the vglues
given by ODFAC are; on the averége; as smallZaé, if not
lmaller'than;'thoae due to the rounding-off errors
inherent in the strip mathods;

rinally; by making all operations other than
recording the numerical values automatio; ODFAC eliminates
the ever-present source of error - the human error.

ggggiggggggs The bhief advantages of onFAC
are its ability to handle Qp fo 31 eoefficients in a
Yourier series and to perform the sumation rapidly with
an acocuracy adequate for most purposes. The simpliocity
of the design of the machine virtually eliminates almost
all possibilities of electrical or mechanical failure,
In the event such failure should ooour; all components
are readily acocessidble and removable for repair,

The slowest part of the operation of ODFAC
lies in recording the results., It is proposed to add an
automatioc recorder for this purpose,

vl o s Y b
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Extension to two dinancions

Use of two unlis, One ODPAC wait psrforms a
two-dimensional syntiezic by msars of a Teevsrs~Lipson
expansion. A ocombination of “we such uaits performs
this summation more rapidly. I these units are equipped
with chart=type recorders; the most acmpliceted two-
dimensional serics having 20 x 20 Tourier coefficients
can be performed in an afternoon. The utilization of
two such units follows the plan indicated below,

The series to be summed has a general expression:

,o(m . }1'_1': %‘ri,k éos 2M{hx+ky)
. %:[%‘ Fpy ©08 27rky} 608 27hx ~ {_‘,‘ ( ‘IL'C‘, P 8in Zrky] sin 2»hx

The summations over k are first performed at thé same
time by the two units working independently. The results
of these first summations are then used as coefficients
for the sscond summation over h, In the second operation
the two units are connested in parallel to only one reoordor;
which thus records the results of the finel two~-dimensional
summation,

Two-dimensional oomputer. A more elaborate ex-
tension to two-dimensicns can be built by combining two
resolvers for every term in the series., The construotion

entails duilding k ODFAC units and one "master" ODFAC

~ e
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having h resolvers {without veriacs) for each harmonio k.
Such a plan is illustreved in Fige. 7 for k= h = &,

The ODFAD units; whose resolvexrs have angular
speed ratios proportional to their pserticular g; are
shown in solid lines. The rectangles in the dotted
lines represent the resolvers of the "master" unit,

All of these latter resolvers have the same angular
settings proportionel to k.

The coupling between all units is electrical

only. The resolvers of one ODFAC unit produce voltages

proportional to:

rhlkl cos Znhix
thkl cos 2nhax
F 008 27h.Xx
hsk, 008 27h3
*
M

whioch are fed to the resolvers, gk, of the master unit.

The outputs of these resolvers are thus proportional to:

(Fpyiky 008 2#h3x) cos 2rkyy _
(?hzkl cos 2nﬁzx) cos 27k;y  ete,

Appropriate eleotrical coupling of the resolvers in the
master unit then produces a voltage proportional to

E. Ik:rhk cos 2n(hx + ky)
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One=Dinsncicnal Fourier 3vnthesis

E“ _;L‘ a ODFAC Deviation ?‘*Eégﬁz‘" Daviat';fn ig;gﬁ‘ Devih_tion
30,0 3ok 4Lk 30 0 30 0
33.3 33.3 0 3 +0.7 35 +1.7
324 1.8 0.6 32 0ol 30 -2.4
17,2 15.5 -1.7 16 1.2 16 1,2
0,3 0 =03 0 0.3 0 ~0.3
“he0  =3.6 =04 -4 0 -2 -2,0

09 0 =09 -1 1.9 -1 1.9
2,9 1.5 =10 3 +0,5 +1.5
6.5 5.6 =0.9 7 +045 +0,5
2.1 23,6 =0,5 24 =0,1 24 0,1
49,0 47.8 -1.2 50 +1.0 48 -1,0
70.5 70,0 =0,5 71 +0,5 72 +1.5
89,4 88,3 1.1 89 0.k 89 =04
10,9 111.0 +0.1 112 +1.1 113 +2.1
119,2 118,0 1,2 120 +0,8 118 -1.2
98.0 98,5 40,5 98 0 98 0
59.0 59,0 0 60 +1,0 60 +1,0
29,5 29.2 =0.3 28 1.5 29 =05
176 16,0 -1.6 17 -0.6 17 -0.6
10,1 9.3 -0.8 9 -1.1 10 ~0.1
3.0 1.0 -2,0 2 -1,0 b +1.0
=0,7  «l.5 +0.8 -2 +1.3 -2 +1.3
2.3 =31 +0.8 -3 +0,7 -5 +2,7
9.9 =11,8 +1.9 =11 +1.1 -10

+0.1

v

.
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~16.9
3.7
66.6
76,8
66.1
58,0

-17.9
2.6
32,5
66.7
77.5
68.5
5645

+1.0
=l.4
+0.8
+0,1
+0.7
+2ak
w~le5

17

20
6%
75
67

+0,1
«2,0
-1.7
~0.6
~0,8
+0.9
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Fig. 1 ODFAC Outline

| 3 5 6 7 8 10
144 144 96 96 96 72 96
1| 60 18 [ 54 — 60 [ 72 — 72 120
1:8 3:8 4:8 5:8 6:8 7:8 8:8 10:8
H K 15 16 17 8 20
96 96 96 96 72 96 96 96
1| 30 66 78 184 90 M1 72 ™M1102 108 —1 120
I:16 13:16 14:16 15:16 16:16 17:16 18:16 19:16 20:16
2! 23 24 25 26 27 28 30
96 96 72 96 72 96 72 96
1|20 84 — 92 72 100 78 108 184 120
21:24 22:24 23:24 24:24 25:24 26:24 27:24 28:24 29:24 30:24
Fig. 2 Gear Train

Motor
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Control Mechanism

Resistor
Banks

C.R.0.

Motor

Reference

Motor-Generator Voltage

Fig. 5 ODFAC, Rear View

Fig. 6 ODFAC, Front View
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